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SYMMETRIC TOEPLITZ DETERMINANTS ASSOCIATED WITH
MA-MINDA CLASSES OF STARLIKE AND CONVEX FUNCTIONS
OM P. AHUJA, KANIKA KHATTER, AND V. RAVICHANDRAN
Dedicated to Prof. Dato’ Indera Rosihan M. Ali
Abstract. A starlike function f is characterized by the quantity zf ′(z)/f(z) lying in
the right half-plane. This paper deals with sharp bounds for certain symmetric Toeplitz
determinants whose entries are the coefficients of the functions f for which the quantity
zf ′(z)/f(z) takes values in certain specific subset in the right half-plane. The results
obtained include several new special cases and some known results.
1. Introduction
Let D := {z : |z| < 1} be the open unit disk in C and let A be the class of all analytic
functions f : D → C having MacLaurin series f(z) = z +∑∞n=2 anzn. Let S be the well
known subclass of A of univalent functions. The subclasses of S consisting of functions
f such that f(D) is close-to-convex, convex or starlike with respect to the origin are
respectively denoted by C, S∗ or K. These functions are characterized analytically as
follows:
S∗ =
{
f ∈ S : Re
(zf ′(z)
f(z)
)
> 0
}
, K =
{
f ∈ S : Re
(
1 +
zf ′′(z)
f ′(z)
)
> 0
}
and
C =
{
f ∈ A : Re
(f ′(z)
g′(z)
)
> 0 for some convex function g ∈ K
}
.
These classes were introduced and studied aiming at a proof of the famous coefficient
conjecture of Bieberbach that |an| ≤ n with equality for the Koebe function z/(1 − z)2
or its rotations; see the survey article by Ahuja [1] and several references therein for a
history on the problem. Toeplitz matrices and their determinants play an important role
in several branches of mathematics and have many applications [28]. For information on
applications of Toeplitz matrices to several areas of pure and applied mathematics, we
refer to the survey article by Ye and Lim [30]. We recall that Toeplitz symmetric matrices
have constant entries along the diagonal. For the function f(z) = z +
∑
∞
n=2 anz
n, we
associate a symmetric determinant Tq(n) defined by
Tq(n) :=
∣∣∣∣∣∣∣∣
an an+1 · · · an+q−1
an+1 an · · · an+q
...
...
...
an+q−1 an+q · · · an
∣∣∣∣∣∣∣∣
.
In 2017, Thomas et al. [5] initiated a study of Toeplitz symmetric determinants Tq(n) for
initial values of n and q, where the entries of Tq(n) are the coefficients of the functions
that are starlike, convex and close to convex. Motivated by Thomas et al. [5], some
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researchers in the last three years studied Tq(n) for low values of n and q, where entries
are the coefficients of functions in several subclasses of analytic functions.
The concept of subordination is useful in unifying various classes of functions. An
analytic function f is said to be subordinate to the analytic function F , written f ≺ F
or f(z) ≺ F (z), (z ∈ D) if there exists an analytic function w : D → D with w(0) = 0
such that f(z) = F (w(z)) for all z ∈ D. If the function F is univalent in D, then the
subordination f(z) ≺ F (z) holds if and only if f(0) = F (0) and f(D) ⊆ F (D). Ma and
Minda [15] gave a unified treatment of distortion, growth and covering theorems for the
functions f ∈ S∗ and f ∈ K for which either of the quantity zf ′(z)/f(z) or 1+zf ′′(z)/f ′(z)
is subordinate to a more general subordinate function ϕ. These classes are given below.
Definition 1.1. For an analytic univalent function ϕ with positive real part in D, ϕ(0) = 1
and ϕ′(0) > 0, the classes S∗(ϕ) and K(ϕ) are defined by
S∗(ϕ) :=
{
f ∈ S : zf
′(z)
f(z)
≺ ϕ(z)
}
and K(ϕ) :=
{
f ∈ S : 1 + zf
′′(z)
f ′(z)
≺ ϕ(z)
}
.
In this paper, we obtain sharp estimates for Toeplitz determinants T2(2) and T3(1) for
functions belonging to the classes S∗(ϕ) and K(ϕ). The functions Kϕ and Hϕ defined by
zK ′ϕ(z)
Kϕ(z)
= ϕ(iz), Kϕ(0) = K
′
ϕ(0)− 1 = 0 (1.1)
and
1 +
zH ′′ϕ(z)
H ′ϕ(z)
= ϕ(iz), Hϕ(0) = H
′
ϕ(0)− 1 = 0 (1.2)
respectively belong to the classes S∗(ϕ) and K(ϕ) and serve as extremal functions for our
problems.
Our first two results give the sharp bound for T2(2) = a
2
3−a22 respectively for functions
f ∈ S∗(ϕ) and f ∈ K(ϕ).
Theorem 1.2. If f ∈ S∗(ϕ), then
|T2(2)| ≤ 1
4
(B2 +B
2
1)
2 +B21 .
The bound is sharp.
Theorem 1.3. If f ∈ K(ϕ), then
|T2(2)| ≤ 9B
2
1 + (B
2
1 +B2)
2
36
.
The bound is sharp.
Our next two results give the sharp bound for
T3(1) =
∣∣∣∣∣∣
1 a2 a3
a2 1 a2
a3 a2 1
∣∣∣∣∣∣ = 1 + 2a22(a3 − 1)− a23
respectively for functions f ∈ S∗(ϕ) and f ∈ K(ϕ).
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Theorem 1.4. If f ∈ S∗(ϕ), then
|T3(1)| ≤


1 + 2B21 +
1
4
(B2 +B
2
1)(B2 − 3B21), if 3B21 ≤ B2 −B1;
1 + 2B21 +
1
4
(B2 +B
2
1)B1, if B2 −B1 ≤ 3B21 ≤ B2 +B1;
1 + 2B21 +
1
4
(B2 +B
2
1)(−B2 + 3B21), if B2 +B1 ≤ 3B21.
When B2 +B1 ≤ 3B21, the result obtained is sharp for the function Kϕ defined in (1.1).
Theorem 1.5. If f ∈ K(ϕ), then
|T3(1)| ≤


1 +
1
2
B21 +
1
36
(B2 +B
2
1)(B2 − 2B21), if 2B21 ≤ B2 − B1;
1 +
1
2
B21 +
1
36
(B2 +B
2
1)B1, if B2 − B1 ≤ 2B21 ≤ B2 +B1;
1 +
1
2
B21 +
1
36
(B2 +B
2
1)(−B2 + 2B21), if B2 +B1 ≤ 2B21 .
When B2 +B1 ≤ 2B21, the result obtained is sharp for the function Hϕ defined in (1.2).
2. Some Special cases
Ma and Minda class of starlike and convex functions include several well-known classes
as special cases which have been studied by several authors. Some of these subclasses
defined below will be needed in our further course of study.
2.1. Examples.
2.1.1 When ϕ(z) = (1+z)/(1−z), the class S∗(ϕ) and K(ϕ) reduce to the classes S∗ and
K respectively, which are the classes of starlike functions and convex functions [15].
2.1.2 For −1 ≤ B < A ≤ 1, S∗[A,B] := S∗((1 + Az)/(1 + Bz)) is the familiar class
consisting of Janowski starlike functions and K[A,B] := K((1 + Az)/(1 + Bz))
is the class of Janowski convex functions. These classes were initially introduced
and studied by Janowski [12].
2.1.3 On replacing ϕ(z) = (1+(1−2α)z)/(1− z), where 0 ≤ α < 1, we get the subclass
S∗(α) of S and K(α) of K, respectively, consisting of the starlike functions of order
α and convex functions of order α. These classes were introduced and extensively
studied by Robertson [22].
2.1.4 When ϕ =
√
1 + z, we get S∗L := S∗(
√
1 + z) which consists of the functions
f ∈ A such that zf ′(z)/f(z) lies in the domain bounded by the right half of the
lemniscate of Bernoulli given by |w2 − 1| < 1. Soko´l and Stankiewicz [26, 27]
introduced and studied this subclass. Also, KL := K(
√
1 + z) which consists of
the functions f ∈ A such that 1+ zf ′′(z)/f ′(z) lies in the domain bounded by the
right half of the lemniscate of Bernoulli.
2.1.5 Mehndiratta et al. [17] introduced and studied the class S∗e = S∗(ez). In other
words, a function f ∈ S∗e if zf ′(z)/f(z) lies in the region Ωe bounded by the
exponential function ϕe(D) := {w ∈ C : | logw| < 1}. A function f ∈ Ke := K(ez)
if 1 + zf ′′(z)/f ′(z) lies in the region Ωe bounded by the exponential function
ϕe(D) := {w ∈ C : | logw| < 1}.
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2.1.6 Mehndiratta et al. [18] also introduced and studied the class S∗RL = S∗(ϕRL),
where
ϕRL :=
√
2− (
√
2− 1)
√
1− z
1 + 2(
√
2− 1)z .
In other words, a function f ∈ S∗RL if zf ′(z)/f(z) lies in the region ΩRL bounded by
the left half of the shifted lemniscate of Bernoulli ϕRL(D) := {(w−
√
2)2−1 < 1}.
Also, consider the class KRL := K(ϕRL), where
ϕRL :=
√
2− (
√
2− 1)
√
1− z
1 + 2(
√
2− 1)z .
A function f ∈ KRL if 1 + zf ′′(z)/f ′(z) lies in the region ΩRL bounded by the left
half of the shifted lemniscate of Bernoulli ϕRL(D) := {(w −
√
2)2 − 1 < 1}.
2.1.7 Sharma et al. [25] defined and studied the class of functions defined by S∗C =
S∗(ϕc(z)), where ϕc(z) = 1 + (4/3)z + (2/3)z2. The geometrical interpretation
is that a function f belongs to the class S∗C if zf ′(z)/f(z) lies in the region Ωc
bounded by the cardioid i.e. ϕc(D) := {x+ iy : (9x2 + 9y2− 18x+ 5)2− 16(9x2 +
9y2 − 6x + 1) = 0}. The convex analogous class of the above mentioned class is
KC := K(ϕc(z)). Its geometrical interpretation is that a function f belongs to
the class KC if 1 + zf ′′(z)/f ′(z) lies in the region Ωc bounded by the cardioid i.e.
ϕc(D) := {x+ iy : (9x2 + 9y2 − 18x+ 5)2 − 16(9x2 + 9y2 − 6x+ 1) = 0}.
2.1.8 Cho et al. [6] defined and studied the class S∗sin = S∗(1 + sin z). The convex
analogous subclass is defined as Ksin := K(1 + sin z).
2.1.9 Raina and Sokol [21] defined the class S∗
$
= S∗(ϕ$), where ϕ$ = z +
√
1 + z2.
Its convex subclass is K$ := K(ϕ$). The classes S∗$ and K$ consist of functions
for which zf ′(z)/f(z) and 1 + zf ′′(z)/f ′(z) lies in the the leftmoon region Ω$
defined by ϕ$(D) := {w ∈ C : |w2 − 1| < 2|w|}.
2.1.10 Kumar et al. [14] studied the class S∗R = S∗(ϕR), where ϕR = 1+(zk+z2)/(k2−kz),
and k =
√
2 + 1. The subclass KR := K(ϕR).
2.1.11 Ronning [23], motivated by Goodman [10], introduced and studied the parabolic
starlike class SP and the uniformly convex class UCV obtained from Ma-Minda
class of starlike and convex functions, respectively, by replacing
ϕ(z) := 1 +
2
pi2
(
log
1 +
√
z
1−√z
)2
.
2.1.12 Khatter et. al. [13] defined and studied the class S∗α,e := S∗(α+ (1− α)ez) where
0 ≤ α < 1. When α = 0, this class reduces to the class S∗e . The class Kα,e :=
K(α + (1 − α)ez), where 0 ≤ α < 1. When α = 0, this class reduces to the class
Ke.
2.1.13 Khatter et. al. [13] also defined and studied the class S∗L(α) := S∗(α + (1 −
α)
√
1 + z), where 0 ≤ α < 1. When α = 0, this class reduces to the class S∗L. The
class KL(α) := K(α + (1 − α)
√
1 + z), where 0 ≤ α < 1. When α = 0, this class
reduces to the class KL.
2.1.14 Yunus [31] et. al. studied the class S∗lim := S∗(1 +
√
2z + z2/2) associated with
the limacon (4u2 + 4v2 − 8u − 5)2 + 8(4u2 + 4v2 − 12u − 3) = 0. The class
Klim := K(1 +
√
2z + z2/2).
2.1.15 The class S∗SG := S∗(2/(1 + e−z)), associated with the sigmoid function has been
studied by Goel and Kumar [9] and the class KSG := K(2/(1 + e−z)).
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2.1.16 Wani et. al. [29], studied the class of functions defined by S∗Ne := S∗(ϕNe(z)) and
KNe := K(ϕNe), where the function ϕNe(z) := 1 + z − z3/3 maps the unit disk
into the interior of the 2-cusped kidney shaped nephroid.
Theorem 1.2 helps us to obtain sixteen sharp bounds for the determinants |T2(2)| in
the next Corollary, when a function f belongs to the corresponding classes defined in
Examples 2.1.1 to 2.1.16.
Corollary 2.1. For f belonging to S∗(ϕ) and for choices of the function ϕ stated in
Examples 2.1(1) to 2.1(16), the bounds for |T2(2)| are given in Table 1.
S. No. Class Sharp Bound for |T2(2)|
1. S∗ 13
2. S∗[A,B] (A−B)2(4 + A2 − 4AB + 4B2)/4
3. S∗(α) (1− α)2(13− 12α+ 4α2)
4. S∗L 0.253906
5. S∗e 1.5625
6. S∗RL 0.1434
7. S∗C 3.2716
8. S∗sin 1.25
9. S∗
$
1.5625
10. S∗R 0.237807
11. SP 1.01547
12. S∗α,e (1− α)2(25− 12α+ 4α2)/16
13. S∗L(α) (1− α)2(65− 4α+ 4α2)/256
14. S∗lim 3.5625
15. S∗SG 0.265625
16. S∗Ne 1.25.
Table 1. Bounds for |T2(2)| for f ∈ S∗(ϕ)
Proof. (1) Suppose f ∈ S∗. Then S∗(ϕ) = S∗ where ϕ(z) = (1 + z)/(1 − z) by
Example 2.1.1. The series expansion for ϕ(z) = (1 + z)/(1 − z) yields
1 + z
1− z = 1 + 2z + 2z
2 + 2z3 + 2z4 + 2z5 + · · ·
which implies B1 = B2 = 2. Substituting these values of B1 and B2 in Theorem
1.2, we get |T2(2)| ≤ 13.
(2) Suppose f ∈ S∗[A,B]. In view of Example 2.1.2, it follows that zf ′(z)/f(z) ≺
(1 + Az)/(1 +Bz), where −1 ≤ A < B ≤ 1. Thus, we have
ϕ(z) :=
1 + Az
1 +Bz
= 1 + (A− B)z +B(B − A)z2 +B2(A− B)z3 + · · ·
which implies B1 = (A− B) and B2 = B(B − A), and therefore, using Theorem
1.2, we get |T2(2)| ≤ (A− B)2(4 + A2 − 4AB + 4B2)/4.
(3) If f ∈ S∗(α), then zf ′(z)/f(z) ≺ (1 + (1 − 2α)z)/(1 − z), where 0 ≤ α < 1 by
Example 2.1.3. Therefore
ϕ(z) :=
1 + (1− 2α)z
1− z = 1 + 2(1− α)z + 2(1− α)z
2 + 2(1− α)z3 + · · · .
So B1 = B2 = 2(1 − α). Using these values of B1 and B2 in Theorem 1.2, we
obtain |T2(2)| ≤ (1− α)2(13− 12α+ 4α2).
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(4) Since f ∈ S∗L, it follows from Example 2.1.4 that zf ′(z)/f(z) ≺
√
1 + z. Again
since
ϕ(z) :=
√
1 + z = 1 +
1
2
z − 1
8
z2 +
1
16
z3 − 5
128
z4 + · · · , (2.1)
we have B1 = 1/2 and B2 = −1/8. Thus, Theorem 1.2 yields |T2(2)| ≤ 1.19141.
(5) Similarly, using Example 2.1.5 we have
ϕ(z) := exp z = 1 + z +
1
2
z2 +
1
6
z3 +
1
24
z4 + · · ·
which implies B1 = 1 and B2 = 1/2, and therefore, using Theorem 1.2, we get
|T2(2)| ≤ 1.5625.
(6) Since f ∈ S∗RL = S∗(ϕ) by Example 2.1(6), where
ϕ(z) : =
√
2− (
√
2− 1)
√
1− z
1 + 2(
√
2− 1)z
= 1 +
(
5
2
− 3√
2
)
z +
(
71
8
− 51
4
√
2
)
z2 + · · · .
Substituting B1 = (5/2− 3/
√
2) and B2 = (71/8− 51/(4
√
2)) in Theorem 1.2, we
get |T2(2)| ≤ 0.1434.
(7) Since f ∈ S∗C , it follows from Example 2.1.7 that zf ′(z)/f(z) ≺ 1+(4/3)z+(2/3)z2
which yields B1 = 4/3 and B2 = 2/3. And therefore Theorem 1.2 immediately
gives |T2(2)| ≤ 3.2716.
(8) Clearly f ∈ S∗sin implies zf ′(z)/f(z) ≺ 1 + sin z by Example 2.1.8. Writing the
Taylor series expansion for sin z, we get
ϕ(z) := exp z = 1 + z − 1
6
z3 +
1
120
z5 + · · · .
On substituting B1 = 1 and B2 = 0 in Theorem 1.2, we get |T2(2)| ≤ 1.25.
(9) In view of Example 2.1.9, f ∈ S∗
$
implies zf ′(z)/f(z) ≺ z+√1 + z2 and therefore
we have
ϕ(z) := z +
√
1 + z2 = 1 + z +
1
2
z2 − 1
8
z4 + · · · .
Thus B1 = 1 and B2 = 1/2 and substituting these values in Theorem 1.2, we get
|T2(2)| ≤ 1.5625.
(10) Let f ∈ S∗R. So Example 2.1.10 gives zf ′(z)/f(z) ≺ ϕ, where ϕ(z) = 1 + (zk +
z2)/(k2−kz), and k = √2+1. It is routine to find that the Taylor series expansion
of ϕ yields
ϕ(z) : = 1 +
z(
√
2 + 1) + z2
(
√
2 + 1)2 − (√2 + 1)z
= 1 +
1√
2 + 1
z +
2
(
√
2 + 1)2
z2 +
2
(1 +
√
2)3
z3 + · · · .
Thus substituting the values of B1 and B2 in Theorem 1.2, we arrive at |T2(2)| ≤
0.237807.
(11) Let f ∈ SP . Thus zf ′(z)/f(z) ≺ ϕ by Example 2.1.11, where
ϕ(z) := 1 +
2
pi2
(
log
1 +
√
z
1−√z
)2
= 1 +
8
pi2
z +
16
3pi2
z2 +
184
45pi2
z3.
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This yields B1 = 8/pi
2 and B2 = 16/(3pi
2) and thus using Theorem 1.2, we get
|T2(2)| ≤ 1.01547.
(12) Let f ∈ S∗α,e. This leads to zf ′(z)/f(z) ≺ ϕ, where ϕ = α+(1−α)ez by Example
2.1.12. Thus, Taylor series expansion of ϕ gives
ϕ(z) := α+ (1− α)ez = 1 + (1− α)z + 1
2
(1− α)z2 + 1
6
(1− α)z3 + · · · .
This implies B1 = (1 − α) and B2 = (1 − α)/2. Substituting these values in
Theorem 1.2, we finally get |T2(2)| ≤ (1− α)2(25− 12α+ 4α2)/16.
(13) Let f ∈ S∗L(α). This implies zf ′(z)/f(z) ≺ α+ (1−α)
√
1 + z by Example 2.1.13.
Taylor series expansion of α+ (1− α)√1 + z gives
ϕ(z) :=α + (1− α)√1 + z
=1 +
1
2
(1− α)z − 1
8
(1− α)z2 + 1
16
(1− α)z3 + · · · .
Thus B1 = 1/2(1 − α) and B2 = −1/8(1 − α) and thereby using the bound for
|T2(2)| obtained in Theorem 1.2, we get |T2(2)| ≤ (1− α)2(65− 4α+ 4α2)/256.
(14) Let f ∈ S∗lim. Then Example 2.1.14 yields zf ′(z)/f(z) ≺ 1 +
√
2z + z2/2, which
implies that B1 =
√
2 and B2 = 1/2 and therefore using these values in Theorem
1.2, we get |T2(2)| ≤ 3.5625.
(15) Since f ∈ S∗SG implies zf ′(z)/f(z) ≺ 2/(1 + e−z) by Example 2.1.15. This imme-
diately gives
ϕ(z) :=
2
1 + e−z
= 1 +
1
2
z − 1
24
z3 ++ · · · .
Therefore, B1 = 1/2 and B2 = 0, and substituting these values in Theorem 1.2,
we get |T2(2)| ≤ 0.265625.
(16) Let f ∈ S∗Ne. In view of Example 2.1.16, we have zf ′(z)/f(z) ≺ 1+z−z3/3. This
yields B1 = 1 and B2 = 0, thereby proving |T2(2)| ≤ 1.25 using Theorem 1.2.
Remark 2.2. The result in Corollary 2.1.1 was recently found in [5]. However, all other
fifteen results in Corollary 2.1 appear to be new to the best of our knowledge.
Theorem 1.3 helps us to obtain sixteen sharp bounds for the determinants |T2(2)| in
the next Corollary, when a function f belongs to the corresponding classes defined in
Examples 2.1.1 to 2.1.16.
The proofs of all these special cases in the next Corollary are similar to the correspond-
ing proofs in Corollary 2.1, and therefore, they are omitted.
Corollary 2.3. For f belonging to K(ϕ) and for choices of the function ϕ stated in
Examples 2.1.1 to 2.1.16, the sharp bounds for |T2(2)| are given in Table 2.
For f ∈ K, |T2(2)| ≤ 2, which is same as the sharp bound obtained in [5]. However, all
other fifteen results in Corollary 2.3 appear to be new.
Theorem 1.4 helps us to obtain sixteen sharp bounds for the determinants T3(1) in
the next Corollary, when a function f belongs to the corresponding classes defined in
Examples 1.2 to 1.15.
Corollary 2.4. For f belonging to S∗(ϕ) and for choices of the function ϕ stated in
Examples 2.1.1 to 2.1.16, the sharp bounds for |T3(1)| are given in Table 3.
Proof. All the special cases in this corollary can be proved by simply following the steps
in corresponding cases of Corollary 2.1.
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S. No. Class Sharp Bound for |T2(2)|
1. K 2
2. K[A,B] (A− B)2(9 + A2 − 4AB + 4B2)/36
3. K(α) 2(1− α)2(9− 6α + 2α2)/9
4. KL 0.062934
5. Ke 0.3125
6. KRL 0.0358498
7. KC 0.610425
8. Ksin 0.277778
9. K$ 0.3125
10. KR 0.0502525
11. KP 0.204083
12. Kα,e (1− α)2(45− 12α+ 4α2)/144
13. KL(α) (1− α)2(145− 4α + 4α2)/2304
14. Klim 0.673611
15. KSG 0.0642361
16. KNe 0.277778.
Table 2. Bound for |T2(2)| for f ∈ K(ϕ)
S. No. Class Sharp Bound for |T3(1)|
1. S∗ 24
2. S∗[A,B]


1 + 2(A−B)2 + (A− B)(A2 − 3AB + 2B2)/4, 3A− 2B ≤ 1;
1 + 2(A−B)2
+(3A2 − 5AB + 2B2)(A2 − 3AB + 2B2)/4, 3A− 2B ≥ 1.
3. S∗(α)
{
12− 24α + 15α2 − 2α3, α ≥ 2/3;
24− 74α + 91α2 − 52α3 + 12α4, α ≤ 2/3.
4. S∗L 1.52734
5. S∗e 3.9375
6. S∗RL 1.28719
7. S∗C 7.40741
8. S∗sin 3.75
9. S∗
$
3.9375
10. S∗R 1.39645 (may or may not be sharp)
11. SP 2.74232
12. S∗α,e
{
(27− 40α+ 23α2 − 2α3)/8, α ≥ 1/2;
(7− 5α + 2α2)(9− 11α+ 6α2)/16, α ≤ 1/2.
13. S∗L(α)
{
(97− 68α+ 37α2 − 2α3)/64, α ≥ 3/4;
(17− 3α+ 2α2)(23− 13α + 6α2)/256, α ≤ 3/4.
14. S∗lim 8.4375
15. S∗SG 1.54688
16. S∗Ne 3.75
Table 3. Bound for |T3(1)| for f ∈ S∗(ϕ)
The result in Corollary 2.4.1 was recently found in [5]. However, all other fifteen results
in Corollary 2.4 appear to be new to the best of our knowledge.
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Theorem 1.5 helps us to obtain sixteen sharp bounds for the determinants |T3(1)| in
the next Corollary, when a function f belongs to the corresponding classes defined in
Examples 2.1.1 to 2.1.16.
Corollary 2.5. For f belonging to K(ϕ) and for choices of the function ϕ stated in
Examples 2.2.1 to 2.2.16, the bounds for |T3(1)| are given in Table 4
S. No. Class Sharp Bound for |T3(1)|
1. K 4
2. K[A,B]


1 + (A− B)2/2 + (A−B)(A2 − 3AB + 2B2)/36, 2A− B ≤ 1;
1 + (A− B)2/2
+(2A2 − 3AB +B2)(A2 − 3AB + 2B2)/36, 2A− B ≥ 1.
3. K(α)
{
(30− 44α+ 25α2 − 2α3)/9, α ≥ 1/2;
(36− 72α+ 71α2 − 34α3 + 8α4)/9, α ≤ 1/2.
4. KL 1.12717
5. Ke 1.5625
6. KRL 1.07173
7. KC 2.08505
8. Ksin 1.55556
9. K$ 1.5625
10. KR 1.09171
11. KP 1.35547
12. Kα,e
{
(111− 80α+ 43α2 − 2α3)/72, α ≥ 1/4;
(225− 180α+ 125α2 − 34α3 + 8α4)/144, α ≤ 1/4.
13. KL(α)
{
(649− 148α+ 77α2 − 2α3)/576, α ≥ 5/8;
(2597− 600α+ 329α2 − 30α3 + 8α4)/2304, α ≤ 5/8.
14. Klim 2.24306
15. KSG 1.12847
16. KNe 1.55556
Table 4. Bound for |T3(1)| for f ∈ K(ϕ)
Proof. The proofs of these special cases are similar to the corresponding cases in Corollary
2.1 and so they are omitted.
Remark 2.6. The result in Corollary 2.5.1 was recently found in [5]. However, all other
fifteen results in Corollary 2.5 appear to be new to the best of our knowledge.
3. Proof of Theorems
Let P denote the class of analytic functions p in D of the form
p(z) =1 +
∞∑
n=1
cnz
n (3.1)
such that Re p(z) > 0 in D. A function p in P is called a Caratheodory function. To
prove our results, we need the following two lemmas.
Lemma 3.1. [11] If a function given by
p(z) =1 + c1z + c2z
2 + c3z
3 + · · · .
is in P, then
|cn| ≤ 2.
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Lemma 3.2. [15] Let ϕ(z) = 1+B1z+B2z
2+· · · . If a function f(z) = z+a2z2+a3z3+· · ·
is in S∗(ϕ), then
|a3 − µa22| ≤


1
2
(
B2 +B
2
1 − 2µB21
)
, if 2B21µ ≤ B2 +B21 − B1;
1
2
B1, if B2 +B
2
1 − B1 ≤ 2B21µ ≤ B2 +B21 +B1 ;
1
2
(−B2 − B21 + 2µB21), if B2 +B21 +B1 ≤ 2B21µ.
Proof of Theorem 1.2. Since f ∈ S∗(ϕ), there is an analytic function w(z) = w1z +
w2z
2 + · · · ∈ Ω, such that
zf ′(z)
f(z)
= ϕ(w(z)). (3.2)
Define p1(z) by
p1(z) =
1 + w(z)
1− w(z) = 1 + c1z + c2z
2 + · · · .
Then
w(z) =
p1(z)− 1
p1(z) + 1
=
1
2
(
c1z +
(
c2 − c
2
1
2
)
z2 + · · ·
)
.
Clearly p1 is analytic in D with p1(0) = 1 and p1 ∈ P. Since ϕ(z) = 1 + B1z + B2z2 +
B3z
3 + · · · , we get
ϕ
(
p1(z)− 1
p1(z) + 1
)
= 1 +
1
2
B1c1z +
(
1
2
B1
(
c2 − c
2
1
2
)
+
1
4
B2c
2
1
)
z2 + · · · . (3.3)
The Taylor series expansion of a function f of the form f(z) = z+a2z
2+a3z
3+ · · · yields
zf ′(z)
f(z)
= 1 + a2z + (−a22 + 2a3)z2 + (a32 − 3a2a3 + 3a4)z3 (3.4)
+ (−a42 + 4a22a3 − 2a23 − 4a2a4 + 4a5)z4 + · · · .
Using (3.3), (3.4) and (3.1), the expression a2 and a3 can be expressed as a function of
the coefficients ci of p ∈ P and Bi of ϕ(z) given by
a2 =
1
2
B1c1, (3.5)
a3 =
1
8
(
(B21 − B1 +B2)c21 + 2B1c2
)
, (3.6)
In view of |cn| ≤ 2 by Lemma 3.1, we obtain
|a2| ≤ B1,
|a3| ≤ 1
2
(
B21 +B2
)
.
Therefore, it follows that
|a23 − a22| ≤ |a3|2 + |a2|2 ≤
1
4
(
B21 +B2
)2
+B21 .
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Lemma 3.3. [15] Let ϕ(z) = 1 + B1z + B2z
2 + · · · . If the function f(z) = z + a2z2 +
a3z
3 + · · · is in K(ϕ), then
|a3 − µa22| ≤


1
6
(
B2 − 3
2
µB21 +B
2
1
)
, if 3B21µ ≤ 2(B2 +B21 − B1);
1
6
B1, if 2(B2 +B
2
1 − B1 ≤ 3B21)µ ≤ 2(B2 +B21 +B1);
1
6
(− B2 + 3
2
µB21 − B21
)
, if 2(B2 +B
2
1 +B1) ≤ 3B21µ.
Proof of Theorem 1.3. Since f ∈ K(ϕ), there is an analytic function w(z) = w1z +
w2z
2 + · · · ∈ Ω, such that
1 +
zf ′′(z)
f ′(z)
= ϕ(w(z)). (3.7)
Define p1(z) by
p1(z) =
1 + w(z)
1− w(z) = 1 + c1z + c2z
2 + · · · .
Then
w(z) =
p1(z)− 1
p1(z) + 1
=
1
2
(
c1z +
(
c2 − c
2
1
2
)
z2 + · · ·
)
.
Clearly p1 is analytic in D with p1(0) = 1 and p1 ∈ P. Since ϕ(z) = 1 + B1z + B2z2 +
B3z
3 + · · · , we get
ϕ
(
p1(z)− 1
p1(z) + 1
)
= 1 +
1
2
B1c1z +
(
1
2
B1
(
c2 − c
2
1
2
)
+
1
4
B2c
2
1
)
z2 + · · · . (3.8)
The Taylor series expansion of the function f(z) = z + a2z
2 + a3z
3 + · · · gives
1 +
zf ′′(z)
f ′(z)
= 1 + 2a2z + (−4a22 + 6a3)z2 + (8a32 − 18a2a3 + 12a4)z3 + · · · . (3.9)
Then using (3.8) and (3.9), the expression a2 and a3 can be expressed as a function of the
coefficients ci of p ∈ P given by
a2 =
1
4
B1c1,
a3 =
1
24
(
(−B1 +B21 +B2)c21 + 2B1c2
)
.
Now, using |cn| ≤ 2 by lemma 3.1, it follows that
|a2| ≤ B1
2
, (3.10)
|a3| ≤ 1
6
(
B21 +B2
)
. (3.11)
Therefore we get,
|a23 − a22| ≤ |a3|2 + |a2|2 ≤
1
36
(
B21 +B2
)2
+
1
4
B21 .
Sharpness follows from the function Hϕ defined in (1.2).
12 O. P. AHUJA, K. KHATTER, AND V. RAVICHANDRAN
Proof of Theorem 1.4. Expanding the expression for |T3(1)|, it can be seen that
|T3(1)| =|1 + 2a22(a3 − 1)− a23|
≤1 + 2|a2|2 + |a3||a3 − 2a22|.
Using the bounds for a2 and a3 obtained in (3.10) and (3.11), respectively, and computing
the bound for a3 − 2a22 from Lemma 3.2, we obtain
|T3(1)| ≤


1 + 2B21 +
1
4
(B2 +B
2
1)(B2 − 3B21), if 3B21 ≤ B2 − B1;
1 + 2B21 +
1
4
(B2 +B
2
1)B1, if B2 −B1 ≤ 3B21 ≤ B2 +B1;
1 + 2B21 +
1
4
(B2 +B
2
1)(−B2 + 3B21), if B2 +B1 ≤ 3B21 .
This completes the proof.
Proof of Theorem 1.5 is similar to the proof of Theorem 1.4, and therefore it is omitted.
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